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Abstract

Free vibration of functionally graded material rectangular plates with simply supported and clamped edges in the

thermal environment is studied based on the three-dimensional linear theory of elasticity. Simply supported and clamped

FGM plates with temperature-dependent material properties subjected to uniform temperature rise, linear temperature rise

and nonlinear temperature rise are considered. The three displacements of the plates are expanded by a series of Chebyshev

polynomials multiplied by appropriate functions to satisfy the essential boundary conditions. The natural frequencies are

obtained by Ritz method. The numerical results of the present approach are compared with the results of other researchers

for the validation. Parametric study is performed for supported conditions, temperature fields, volume fraction indices of

FGM plates.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Functionally graded materials (FGMs) were first introduced by a group of Japanese scientists in 1984 [1,2],
as ultrahigh temperature resistant materials for aircraft, space vehicles and other engineering applications.
These kinds of materials are heterogeneous composite materials, in which the material properties vary
continuously and smoothly from one interface to the other. This is achieved by gradually varying the volume
fraction of the constituent materials. Because of this advantage, they have been regarded as one of the
advanced inhomogeneous composite materials in many engineering sectors.

FGMs were originally designed as thermal barrier materials for aerospace structural applications and fusion
reactors. Nowadays, they are developed for the general use as structural components in high-temperature
environment. Many studies for thermal stress, thermal bending, and vibration of FGM plates are available in
the literature. Numerous studies on free vibration for isotropic and composite multilayered plates with or
without initial thermal and/or mechanical in-plane loads have been reported. Among these, Praveen and
Reddy [3] conducted the nonlinear transient thermoelastic analysis of functionally graded ceramic–metal
plates using a plate finite element. Reddy [4] presented a general formulation for FGM plates using the
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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third-order shear deformation plate theory and developed the associated finite element model that accounts
for the thermomechanical coupling and geometric nonlinearity. However, they did not consider the change of
material properties due to temperature distribution in the analysis. Yang and Shen [5] analyzed the vibration
characteristics and transient response of shear deformable FGM plates made of temperature-dependent
materials in thermal environment. Huang and Shen [6] dealt with the nonlinear vibration and dynamic
response of FGM plates in thermal environment based on the higher-order shear deformation plate theory
and general von Kármán-type equation. Kim [7] investigated vibration characteristics of initially stressed
FGM rectangular plates in thermal environment by using Rayleigh–Ritz method based on the third-order
shear deformation plate theory to account for rotary inertia and transverse shear strains.

There are also several studies about finding the three-dimensional exact solutions for FGM plates. Reddy
and Cheng [8] obtained a three-dimensional solution of a smart FGM plate consisting of a plate made of
FGM and actuators made of an active material by the combination of the transfer matrix formulation and
asymptotic expansion. Vel and Batra [9] presented a three-dimensional exact solution for free and forced
vibrations of simply supported FGM rectangular plates by using suitable displacement functions to reduce
equations governing steady-state vibration of the plate.

However, the three-dimensional analysis of the free vibration of FGM plates in the thermal environments is
limited in number in the open literature. In the present study, the three-dimensional vibration analysis of
rectangular FGM plates in the thermal environments is carried out based on Ritz method. The power-law
FGM plates with two support conditions—simply supported and clamped—and the temperature-dependent
material properties are considered. The three displacements of rectangular plates are expanded by Chebyshev
polynomial series multiplied by boundary functions [10,11]. The present approach is validated by the
comparisons of the published literature. The effects of volume fraction indices, supported conditions,
thickness-side ratios, aspect ratios and temperature changes are also discussed in the parametric study.
2. Problem statement

2.1. Geometrical configuration

Consider a rectangular FGM plate with the uniform thickness, which is referred in a rectangular
coordinates (x1, x2, x3) and vibrating in the thermal environment. The length, width and thickness of the plate
are a, b, and h, respectively. The bottom and top surfaces of the plate are bounded by the planes x3 ¼ �h=2,
and axes are parallel to the edges of the plate. The displacement components at generic points are u1, u2, and
u3 corresponding to the x1, x2, and x3 directions.

For simplicity and generality, the non-dimensional parameters are introduced

x ¼
2x1

a
; Z ¼

2x2

b
; z ¼

2x3

h
(1)

where x; Z; z 2 ½�1; 1�.
2.2. Temperature field across the thickness

There are three cases considering the temperature change across the thickness of plate.
2.2.1. Uniform temperature rise

The initial uniform temperature of the plate is assumed to be T0 ðT0 ¼ 300KÞ. The temperature field is
expressed as

T ¼ T0 þ DT (2)

where DT denotes the temperature change.
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2.2.2. Linear temperature rise

Assuming the temperature Tb and Tt at the bottom and top of the plate, the temperature field under linear
temperature rise in x3-direction is expressed as

TðzÞ ¼ Tb þ DT �
z
2
þ

1

2

� �
(3)

where DT ¼ Tt � Tb is the temperature gradient; Tb equals the initial temperature 300K.

2.2.3. Nonlinear temperature rise

The nonlinear temperature rise across the thickness of the plate is determined by solving the one-
dimensional heat conduction equation. The equation for the temperature through the thickness is

�
d

dx3
k̂ðx3Þ

dT

dx3

� �
¼ 0 (4)

where T ¼ Tt at the top face ðx3 ¼ h=2Þ and T ¼ Tb at the bottom face ðx3 ¼ �h=2Þ, Tb is assumed to be
the initial temperature 300K. The thermal conductivity k̂ðx3Þ is given by Eq. (10). The analytical solution to
Eq. (4) is

Tðx3Þ ¼ Tt � ðTt � TbÞ

R x3

�h=2

1

k̂ðx3Þ
dx3R h=2

�h=2

1

k̂ðx3Þ
dx3

(5)

This equation does not take the temperature dependence of the material properties into account. As indicated
in the work by Miyamoto et al. [12], this will not have a significant effect on results. The one-dimensional
steady-state heat conduction equation (4) is first solved before the thermal analysis is carried.

In the case of power-law FGMs, the solution to Eq. (4) also can be expressed by means of polynomial
series [13]

TðzÞ ¼ Tb þ
Tt � Tb

Ctb

z
2
þ

1

2

� �
�

k̂tb

ðkþ 1Þk̂b

z
2
þ

1

2

� �kþ1
"

þ
k̂2

tb

ð2kþ 1Þk̂2
b

z
2
þ

1

2

� �2kþ1

�
k̂3

tb

ð3kþ 1Þk̂3
b

z
2
þ

1

2

� �3kþ1

þ
k̂4

tb

ð4kþ 1Þk̂4
b

z
2
þ

1

2

� �4kþ1

�
k̂5

tb

ð5kþ 1Þk̂5
b

z
2
þ

1

2

� �5kþ1
#

(6)

with

Ctb ¼ 1�
k̂tb

ðkþ 1Þk̂b

þ
k̂2

tb

ð2kþ 1Þk̂2
b

�
k̂3

tb

ð3kþ 1Þk̂3
b

þ
k̂4

tb

ð4kþ 1Þk̂4
b

�
k̂5

tb

ð5kþ 1Þk̂5
b

(7)

where k̂tb ¼ k̂t � k̂b, k̂t and k̂b are the thermal conductivity of the top and bottom faces of the plate,
respectively; k is the volume fraction index of power-law FGMs, which is described in Eq. (8).

The variations of temperature fields under three temperature rises along the thickness direction are plotted
in Fig. 1. The nonlinear temperature rise is dependent of volume fraction index k. However, the effect of k is
not significant as shown in Fig. 1 which plots the curves of different k (0.2, 2, 10). It is also shown that the
curve of linear temperature rise is very close to those of nonlinear temperature rises.

2.3. Material properties

The properties of general FGM plates vary continuously due to gradually changing the volume fraction of
the constituent materials, usually in the thickness direction only. Power-law function [14,15] is commonly used
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Fig. 1. The variations of temperature along the thickness direction with the initial temperature T0 ¼ 300K: (a) temperature change

DT ¼ 300K; (b) temperature change DT ¼ 500K.
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to describe these variations of material properties as

gðzÞ ¼
z
2
þ

1

2

� �k

(8)

where k is the volume fraction index ð0pkpþ1Þ, which dictates the material variation profile through the
plate thickness.

The material properties—Young’s modulus E, Poisson’s ratio n, and thermal expansion coefficient a—are
nonlinear functions of temperature PðTÞ [16] as

PðTÞ ¼ PT
0 PT

�1

1

T
þ 1þPT

1 T þPT
2 T2 þPT

3 T3

� �
(9)

where T ¼ T0 þ DT indicates the environmental temperature, and T0 is the temperature of free stress
state ðT0 ¼ 300KÞ; PT

0 , P
T
�1, P

T
1 , P

T
2 , and PT

3 are the constants in the cubic expression of the specific
temperature-dependent material property. Based on the rule of mixture [17], the effective material properties
are expressed as

Peff ðz;TÞ ¼ PbðTÞ þ ½PtðTÞ �PbðTÞ�gðzÞ (10)

where Peff is the effective material properties of FGM at the temperature T, Pt and Pb are the properties of
the top and bottom faces at the temperature T, respectively.

In the present study, it is assumed that the effective Young’s modulus E, Poisson’s ratio n, and thermal
expansion coefficient a are temperature-dependent, whereas the mass density r and thermal conductivity k̂ are
independent of the temperature:

Eðz;TÞ ¼ EbðTÞ þ ½EtðTÞ � EbðTÞ�gðzÞ (11a)

nðz;TÞ ¼ nbðTÞ þ ½ntðTÞ � nbðTÞ�gðzÞ (11b)

aðz;TÞ ¼ abðTÞ þ ½atðTÞ � abðTÞ�gðzÞ (11c)

rðzÞ ¼ rb þ ½rt � rb�gðzÞ (11d)

k̂ðzÞ ¼ k̂b þ ½k̂t � k̂b�gðzÞ (11e)

Silicon nitride ðSi3N4Þ and stainless steel (SUS304) are chosen to be the constituent materials of the FGM
plates. The typical values of temperature-dependent coefficients are tabulated in Table 1 [5]. The effective
material properties of linear and nonlinear temperature rises are still very close as well as the temperature
distributions of linear and nonlinear rises. For example, the difference between the effective Young’s modulus
of linear and nonlinear temperature rises is about 1%.
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Table 1

Temperature-dependent coefficients of Young’s modulus E (Pa), Poisson’s ratio n, thermal expansion coefficient a (1/K), mass density r

ðkg=m3Þ and thermal conductivity k̂ ðW=ðmKÞÞ of Si3N4 and SUS304 [5].

Material PT
�1 PT

0 PT
1 PT

2 PT
3

P (at 300K)

Si3N4

E 0 348:43� 109 �3:070� 10�4 2:160� 10�7 �8:946� 10�11 322:2715� 109

n 0 0.2400 0 0 0 0.2400

a 0 5:8723� 10�6 9:095� 10�4 0 0 7:4746� 10�6

r 0 2370 0 0 0 2370

k̂ 0 9.19 0 0 0 9.19

SUS304

E 0 201:04� 109 3:079� 10�4 �6:534� 10�7 0 207:7877� 109

n 0 0.3262 �2:002� 10�4 3:797� 10�7 0 0.3178

a 0 12:330� 10�6 8:086� 10�4 0 0 1:5321� 10�5

r 0 8166 0 0 0 8166

k̂ 0 12.04 0 0 0 12.04
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3. Solution methodology

Considering the heating process in the current case, it can be separated into two stages: (1) the plate is
heated firstly and (2) then vibrates in the static heated status. From this point of view, the displacement
components are composed of the initial deformation U0

i due to the temperature change and periodic
displacement components eUi e

iot:

u1ðx; Z; z; tÞ ¼ U0
1ðx; Z; zÞ þ eU1ðx; Z; zÞ eiot

u2ðx; Z; z; tÞ ¼ U0
2ðx; Z; zÞ þ eU2ðx; Z; zÞ eiot

u3ðx; Z; z; tÞ ¼ U0
3ðx; Z; zÞ þ eU3ðx; Z; zÞ eiot (12)

where the displacement amplitude functions U0
i and eUi are expanded as triplicate summations of Chebyshev

polynomial series multiplied by the boundary functions:

U0
1ðx; Z; zÞ ¼ Ru1

X1
i¼1

X1
j¼1

X1
k¼1

A0
ijkPiðxÞPjðZÞPkðzÞ

U0
2ðx; Z; zÞ ¼ Ru2

X1
l¼1

X1
m¼1

X1
n¼1

B0
lmnPlðxÞPmðZÞPnðzÞ

U0
3ðx; Z; zÞ ¼ Ru3

X1
p¼1

X1
q¼1

X1
r¼1

C0
pqrPpðxÞPqðZÞPrðzÞ (13)

eU1ðx; Z; zÞ ¼ Ru1

X1
i¼1

X1
j¼1

X1
k¼1

eAijkPiðxÞPjðZÞPkðzÞ

eU2ðx; Z; zÞ ¼ Ru2

X1
l¼1

X1
m¼1

X1
n¼1

eBlmnPlðxÞPmðZÞPnðzÞ

eU3ðx; Z; zÞ ¼ Ru3

X1
p¼1

X1
q¼1

X1
r¼1

eCpqrPpðxÞPqðZÞPrðzÞ (14)
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in which Rd ðd ¼ u1; u2; u3Þ are boundary functions to satisfy the essential boundary conditions along the
edges; A0

ijk, B0
lmn, and C0

pqr are the initial displacement coefficients which can be found while the temperature
field and boundary supported conditions are determined; eAijk, eBlmn, and eCpqr are the unknown coefficients to
be determined; Pi ði ¼ 1; 2; 3; . . .Þ is the one-dimensional ith Chebyshev polynomial [18]:

PiðxÞ ¼ cos½ði � 1Þ arccosðxÞ� (15)

Chebyshev polynomials PiðxÞ are a set of complete and orthogonal function in the interval ½�1; 1�. These
polynomials showed some advantages such as high convergence rate and stability in the analysis of isotropic
plates [10,11]. In the authors’ analysis of FGM plates and FGM sandwich plates [19,20], these polynomials
also showed the high convergence rate and stability.

For Ritz method, the essential boundary conditions for simply supported (referred to SSSS) and clamped
(referred to CCCC) plates considered in the present study are

u2 ¼ u3 ¼ 0 at x1 ¼ �a=2

u1 ¼ u3 ¼ 0 at x2 ¼ �b=2
for simply supported condition (16a)

u1 ¼ u2 ¼ u3 ¼ 0 at x1 ¼ �a=2

u1 ¼ u2 ¼ u3 ¼ 0 at x2 ¼ �b=2
for clamped condition (16b)

The corresponding R-functions of these two boundary conditions are tabulated in Table 2.
The linear strain–displacement relation is

�ij ¼
1
2
ðui;j þ uj;iÞ (17)

Considering the heating process, the plate is heated firstly and then vibrates in the static heated status.
The initial strain energy is

U0 ¼
1

2

Z
V

½s011ð�
0
11 � aDTÞ þ s022ð�

0
22 � aDTÞ þ 2s023�

0
23 þ 2s031�

0
31 þ 2s012�

0
12�dV (18)

when the plate is heated into the steady state firstly. If the temperature change DT has been applied, the plate
will bend with the initial deflection and the corresponding initial thermal stresses arise because of the
constraints of the boundary supports. Applying the principle of the minimize potential energy in the absence
of kinetic energy

@U0

@A0
ijk

¼ 0;
@U0

@B0
lmn

¼ 0;
@U0

@C0
pqr

¼ 0 ði; j; k; l;m; n; p; q; r ¼ 1; 2; 3; . . .Þ (19)

leads to a set of linear equations:

K0
11A

0
þ K0

12B
0 þ K0

13C
0
¼ T0

1

K0
21A

0
þ K0

22B
0 þ K0

23C
0
¼ T0

2

K0
31A

0
þ K0

32B
0 þ K0

33C
0
¼ 0 (20)

K0
ij , which are dependent of temperature, are the elements of the initial stiffness matrix when the plate is

subjected to the steadily risen temperature field. T0
1 and T0

2 are the terms due to the temperature rise with the
boundary support constraints. Solving for C0 and substitute into the first and second equations, Eq. (20) is
Table 2

Boundary R-functions for different boundary conditions.

BC R-functions

Simply supported (SSSS) Ru1 ¼ 1� Z2, Ru2 ¼ 1� x2, Ru3 ¼ ð1� x2Þð1� Z2Þ
Clamped (CCCC) Ru1 ¼ Ru2 ¼ Ru3 ¼ ð1� x2Þð1� Z2Þ
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rewritten as

½K0
11 � K0

13ðK
0
33Þ
�1K0

31�A
0
þ ½K0

12 � K0
13ðK

0
33Þ
�1K0

32�B
0 ¼ T0

1

½K0
21 � K0

23ðK
0
33Þ
�1K0

31�A
0
þ ½K0

22 � K0
23ðK

0
33Þ
�1K0

32�B
0 ¼ T0

2 (21)

Then the coefficients A0, B0, and C0 of initial deformation U0
1, U0

2, and U0
3 can be obtained by solving Eq. (21).

The initial state denoted by U0
1, U0

2, and U0
3 is the new equilibrium position of the vibration of the plate. The

corresponding initial thermal stresses s011 and s022 induced by the applied temperature field under the
constrains of the boundary supports of the plate are obtained by virtue of strain–displacement relation:

s011 ¼
E

1� n2
ð�011 � aDTÞ þ

En
1� n2

ð�022 � aDTÞ

¼
E

1� n2
2

a

@U0
1

@x
þ

En
1� n2

2

b

@U0
2

@Z
�

E

1� n
aDT (22a)

s022 ¼
En

1� n2
ð�011 � aDTÞ þ

E

1� n2
ð�022 � aDTÞ

¼
En

1� n2
2

a

@U0
1

@x
þ

E

1� n2
2

b

@U0
2

@Z
�

E

1� n
aDT (22b)

In the variation of Lagrangian function L:

dL ¼ d½K� ðUþWÞ�dt ¼ 0 (23)

where L ¼K� ðUþWÞ is the Lagrangian function; K is the total kinetic energy; U is the strain energy;
W is the work done by the external forces.

In the present case, W is the work done by the initial thermal stresses s011 and s022:

W ¼

Z
V

s011
1

2

@ eU3

@x1

 !2

þ s022
1

2

@ eU3

@x2

 !2
24 35dV (24)

The strain energy is

U ¼
1

2

Z
V

ðs11�11 þ s22�22 þ s33�33 þ 2s23�23 þ 2s31�31 þ 2s12�12ÞdV (25)

The kinetic energy K is

K ¼

Z
V

1

2
rðzÞ

@u1

@t

� �2

þ
@u2

@t

� �2

þ
@u3

@t

� �2
" #

dV (26)

in which the partial differential of the static deformation U0
i ði ¼ 1; 2; 3Þ with respect to t is zero. Therefore

Eq. (26) is actually

K ¼

Z
V

1

2
rðzÞ

@ eU1e
iot

� �
@t

24 352

þ
@ eU2e

iot
� �
@t

24 352

þ
@ eU3e

iot
� �
@t

24 352
8><>:

9>=>;dV (27)

Based on Ritz method, substituting the work done by initial thermal stressesW, the strain energy U and the
kinetic energy K into the Lagrangian function, its partial differentials with respect to the coefficients eAijk,eBlmn, and eCpqr:

@L

@ eAijk

¼ 0;
@L

@eBlmn

¼ 0;
@L

@ eCpqr

¼ 0 ði; j; k; l;m; n; p; q; r ¼ 1; 2; 3; . . .Þ (28)
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yield the following governing equations:

K̂11
eA� o2M11

eAþ K̂12
eBþ K̂13

eC ¼ 0

K̂21
eAþ K̂22

eB� o2M22
eBþ K̂23

eC ¼ 0

K̂31
eAþ K̂32

eBþ K̂33
eCþ ðT33jx þ T33jZÞeC� o2M33

eC ¼ 0 (29)

which can be rewritten as standard eigenvalue matrix:

K̂11 K̂12 K̂13

K̂22 K̂23

Sym. K̂33 þ T33jx þ T33jZ

2664
3775� o2

M11 0 0

0 M22 0

0 0 M33

264
375

0BB@
1CCA

eAeBeC
8><>:

9>=>; ¼ 0 (30)

It is seen from Eq. (30) that the stiffness of the plate is affected by not only the temperature-dependent
material properties but also the initial thermal stresses under the constrains of the boundary supports. The
stiffness matrix elements K̂ij are dependent of temperature because of the temperature-dependent material
properties. The additional thermal terms T33jx and T33jZ modifying K̂33 element are arisen because of the
temperature rise under the constrains of the boundary supports. The compressive stresses, which develop
when the temperature rises under the constrains of the boundary supports, will cause the initial deflection and
hence reduce the stiffness of the plate. Eigenvectors eA, eB, and eC are the coefficients of the periodic
displacements at the new equilibrium position. The respective elements in the nominal stiffness matrix K and
mass matrix M are listed in details in Appendix A.

4. Verification

To verify the present approach, the numerical results of clamped Si3N4=SUS304 FGM square plates are
compared with the published results in the literature in this subsection.

For simplicity, the non-dimensional natural frequency parameter is defined as

o ¼
ob2

p2

ffiffiffiffiffiffi
I0

D0

r
(31)

where I0 ¼ hr, D0 ¼ Eh3=12ð1� n2Þ. The material properties, r, E, and n are chosen to be the values of
stainless steel at the reference temperature T0 ¼ 300K.

The numerical results of frequency parameters of the first eight modes of clamped Si3N4=SUS304 FGM
square plates are compared with the results of other researchers [5,7] in Table 3. The square plates with
thickness-side ratio h=b ¼ 0:1 and volume fraction index k ¼ 2 are subjected to the different uniform
temperature rises ðDT ¼ 0; 300; 500KÞ. Table 3 shows a good agreement with those in Refs. [5,7].
Table 3

Comparisons of first eight natural frequency parameters for CCCC Si3N4=SUS304 FGM square plates subjected to uniform temperature

rise (a ¼ 0:2m, h=b ¼ 0:1, k ¼ 2:0, T0 ¼ 300K).

DT (K) Source o1 o2 ðo3Þ o4 o5 o6 o7 o8

0 Yang [5] 4.1062 7.8902 11.1834 12.5881 13.1867 15.4530 16.0017

Kim [7] 4.1165 7.9696 11.2198 13.1060 13.2089 15.9471 15.9471

Present 4.1658 7.9389 11.1212 13.0973 13.2234 15.3627 15.3627

300 Yang [5] 3.6636 7.2544 10.3924 11.7054 12.3175 14.4520 15.0019

Kim [7] 3.6593 7.3098 10.4021 12.1982 12.3052 14.9090 14.9090

Present 3.7202 7.3010 10.3348 12.2256 12.3563 14.8112 14.8112

500 Yang [5] 3.2357 6.6281 9.5900 10.8285 11.4350 13.4412 13.9756

Kim [7] 3.2147 6.6561 9.5761 11.2708 11.3812 13.8346 13.8346

Present 3.2741 6.6509 9.5192 11.3126 11.4468 13.7907 13.7907
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Table 4

Comparisons of first eight natural frequency parameters for CCCC Si3N4=SUS304 FGM rectangular plates subjected to uniform

temperature rise (a ¼ 0:2m, h=b ¼ 0:1, T0 ¼ 300K, DT ¼ 300K).

a=b k Source o1 o2 o3 o4 o5 o6 o7 o8

0.5 2.0 Yang [5] 9.2196 11.6913 15.2957 20.4667 21.2323 21.4468 22.4853 25.4461

Present 9.2111 11.5890 15.5999 19.9043 20.0234 20.7922 21.9073 25.0100

10.0 Yang [5] 7.9839 10.1219 13.3088 17.6295 18.3727 18.9066 19.3778 21.9914

Present 7.8170 9.8332 13.2410 16.8733 16.9943 17.6538 18.5960 21.2369

1.0 2.0 Yang [5] 3.6636 7.2544 7.2544 10.3924 11.7054 12.3175 14.4520 –

Present 3.7202 7.3010 7.3010 10.3348 12.2256 12.3563 14.8112 14.8112

10.0 Yang [5] 3.1835 6.3001 6.3001 9.0171 10.2372 10.6781 12.6015 12.9948

Present 3.1398 6.1857 6.1857 8.7653 10.3727 10.4866 12.5971 12.5971

1.5 2.0 Yang [5] 2.7373 4.2236 6.6331 6.6331 7.9088 9.8122 10.0191 11.1492

Present 2.7904 4.2839 6.6401 6.7227 7.8941 9.8528 9.9676 11.4179

10.0 Yang [5] 2.3753 3.6692 5.7618 5.7618 6.8690 8.5206 8.6979 9.7598

Present 2.3470 3.6147 5.6234 5.6910 6.6888 8.3553 8.4522 9.6859
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Table 4 shows the comparisons of the first eight natural frequency parameters of clamped Si3N4=SUS304
FGM rectangular plates with the solutions of Yang and Shen [5]. The plates subjected to the uniform
temperature rise ðDT ¼ 300KÞ are of thickness-side ratio h=b ¼ 0:1, different aspect ratios ða=b ¼ 0:5; 1:0; 1:5Þ
and volume fraction index ðk ¼ 2; 10Þ. They also show that the present results agree well with those of Yang
and Shen [5].
5. Parametric study

Based on the procedures and analyses of foregoing sections, the simply supported and clamped
Si3N4=SUS304 FGM rectangular plates are investigated. In the succedent computation, 12� 12� 6 terms
of admissible functions (U0

i and eUi, i ¼ 1; 2; 3) for each displacement function are used.
Tables 5–7 give the results of the first seven natural frequency parameters of the simply supported case.

Tables 8–10 give the results of the first seven natural frequency parameters of the clamped case. Three
temperature fields: uniform temperature rise, linear temperature rise, and nonlinear temperature rise, as
defined previously in Eqs. (2), (3), and (5), are considered. These results include the cases of three thickness-
side ratios ðh=b ¼ 0:05; 0:1; 0:2Þ, two aspect ratios ða=b ¼ 0:5; 1:0Þ and four volume fraction indices
ðk ¼ 1:0; 2:0; 5:0; 10:0Þ. It is shown that for both simply supported and clamped plates, the natural frequency
parameters decrease with the increase of the volume fraction index k.

Figs. 2 and 3 display the first four frequency parameters oi ði ¼ 1; 2; 3; 4Þ versus temperature for simply
supported and clamped square Si3N4=SUS304 FGM plates of thickness-side ratio h=b ¼ 0:1, respectively. The
plates of two volume fraction indices ðk ¼ 1; 10Þ subjected to uniform, linear, and nonlinear temperature rise
fields are considered. For the purpose of comparison of temperature effects, the data of first natural frequency
parameters o1 from Figs. 2 and 3 are plotted in Fig. 4. The curves are displayed as four sets. Obviously,
the temperature effects of vibrational frequencies of clamped plates are greater than those of simply
supported plates. Because the thermal stresses induced by the temperature rise along the supported
edges can fully develop when the edges of plates are fully constrained i.e. the clamped support condition. The
uniform temperature change affects the vibrational frequencies more significantly than the linear and
nonlinear temperature changes. It can be explained by referring to Fig. 1 which is shown that the temperature
variation of the uniform temperature field is more intensive than those of linear and nonlinear temperature
fields.

For a clear demonstration, Tables 11 and 12 list the reduction ratios (%) of frequency parameters due to the
temperature rises. The temperatures of plates are raised from the initial value 300K to the final value 800K. It
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Table 5

Natural frequency parameters for SSSS rectangular Si3N4=SUS304 FGM plates subjected to uniform temperature rise DT ¼ 300K.

h=b a=b k o1 o2 o3 o4 o5 o6 o7

0.05 0.5 1.0 6.4596 10.0710 16.1651 17.5313 21.4332 24.4401 24.7910

2.0 5.7463 8.9452 14.3663 15.4507 19.1018 21.7343 22.0788

5.0 5.1762 8.0455 12.9257 13.7556 17.2278 19.5618 19.8982

10.0 4.8947 7.6045 12.2218 12.9823 16.3079 18.5046 18.8320

1.0 1.0 2.3527 6.2312 6.2312 10.0141 12.5913 12.6199 16.2332

2.0 2.0674 5.5220 5.5220 8.8894 11.1928 11.2210 14.4335

5.0 1.8415 4.9565 4.9565 7.9908 10.0729 10.1004 12.9910

10.0 1.7328 4.6798 4.6798 7.5508 9.5234 9.5500 12.2850

0.1 0.5 1.0 6.2330 8.7623 9.5264 14.5811 17.4976 17.4976 18.4210

2.0 5.5543 7.7231 8.4816 12.9754 15.4288 15.4288 16.4012

5.0 5.0084 6.8769 7.6398 11.6782 13.7470 13.7470 14.7653

10.0 4.7408 6.4908 7.2322 11.0596 12.9790 12.9790 13.9905

1.0 1.0 2.5511 6.1761 6.1761 8.7623 8.7623 9.5119 11.6301

2.0 2.2690 5.4984 5.4984 7.7231 7.7231 8.4675 10.3536

5.0 2.0433 4.9538 4.9538 6.8769 6.8769 7.6257 9.3240

10.0 1.9323 4.6881 4.6881 6.4908 6.4908 7.2191 8.8282

0.2 0.5 1.0 4.3744 5.2586 7.5826 8.6967 8.6967 9.7045 10.7982

2.0 3.8572 4.6809 6.7428 7.6806 7.6806 8.5751 9.5965

5.0 3.4368 4.2124 6.0617 6.8603 6.8603 7.6653 8.6236

10.0 3.2447 3.9922 5.7484 6.4843 6.4843 7.2478 8.1871

1.0 1.0 2.3902 4.3744 4.3744 5.2423 5.2423 6.1738 7.5780

2.0 2.1289 3.8572 3.8572 4.6648 4.6648 5.4468 6.7384

5.0 1.9182 3.4368 3.4368 4.1967 4.1967 4.8571 6.0573

10.0 1.8160 3.2447 3.2447 3.9768 3.9768 4.5875 5.7440

Table 6

Natural frequency parameters for SSSS rectangular Si3N4=SUS304 FGM plates subjected to linear temperature rise DT ¼ 300K.

h=b a=b k o1 o2 o3 o4 o5 o6 o7

0.05 0.5 1.0 6.7201 10.5613 16.8720 17.9366 21.9850 25.3695 25.5166

2.0 5.9985 9.4202 15.0505 15.8531 19.6341 22.6331 22.7793

5.0 5.4203 8.5033 13.5879 14.1543 17.7548 20.4371 20.5878

10.0 5.1808 8.1238 12.9796 13.4404 16.9666 19.5186 19.6685

1.0 1.0 2.6173 6.6264 6.6264 10.5380 13.1379 13.1499 16.9005

2.0 2.3252 5.9048 5.9048 9.3967 11.7208 11.7324 15.0783

5.0 2.0880 5.3237 5.3237 8.4790 10.5842 10.5963 13.6166

10.0 1.9917 5.0845 5.0845 8.0994 10.1121 10.1240 13.0080

0.1 0.5 1.0 6.3941 8.9648 9.7960 14.9815 17.9021 17.9021 18.8299

2.0 5.7220 7.9243 8.7561 13.3847 15.8307 15.8307 16.8593

5.0 5.1621 7.0763 7.8973 12.0640 14.1456 14.1456 15.1664

10.0 4.9323 6.7198 7.5410 11.5124 13.4367 13.4367 14.4698

1.0 1.0 2.6543 6.3702 6.3702 8.9648 8.9648 9.7899 11.9453

2.0 2.3688 5.6858 5.6858 7.9243 7.9243 8.7359 10.6584

5.0 2.1399 5.1376 5.1376 7.0763 7.0763 7.8909 9.6266

10.0 2.0450 4.9078 4.9078 6.7198 6.7198 7.5346 9.1900

0.2 0.5 1.0 4.4755 5.3755 7.7590 8.8978 8.8978 9.9290 11.0495

2.0 3.9577 4.7945 6.9156 7.8808 7.8808 8.7987 9.8448

5.0 3.5364 4.3277 6.2376 7.0593 7.0593 7.8877 8.8789

10.0 3.3592 4.1280 5.9453 6.7125 6.7125 7.5027 8.4580

1.0 1.0 2.4526 4.4755 4.4755 5.3688 5.3688 6.3166 7.7572

2.0 2.1893 3.9577 3.9577 4.7877 4.7877 5.5887 6.9138

5.0 1.9780 3.5364 3.5364 4.3205 4.3205 4.9980 6.2356

10.0 1.8890 3.3592 3.3592 4.1209 4.1209 4.7492 5.9434
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Table 7

Natural frequency parameters for SSSS rectangular Si3N4=SUS304 FGM plates subjected to nonlinear temperature rise DT ¼ 300K.

h=b a=b k o1 o2 o3 o4 o5 o6 o7

0.05 0.5 1.0 6.7286 10.5780 16.8958 17.9485 22.0016 25.4005 25.5394

2.0 6.0084 9.4391 15.0779 15.8647 19.6554 22.6694 22.8074

5.0 5.4269 8.5165 13.6064 14.1632 17.7661 20.4604 20.6038

10.0 5.1848 8.1313 12.9904 13.4467 16.9746 19.5326 19.6791

1.0 1.0 2.6263 6.6395 6.6395 10.5555 13.1555 13.1667 16.9223

2.0 2.3306 5.9149 5.9149 9.4129 11.7364 11.7494 15.1006

5.0 2.0957 5.3344 5.3344 8.4929 10.5979 10.6092 13.6333

10.0 1.9959 5.0907 5.0907 8.1075 10.1205 10.1321 13.0181

0.1 0.5 1.0 6.3989 8.9707 9.8048 14.9954 17.9138 17.9138 18.8444

2.0 5.7159 7.9300 8.7527 13.3792 15.8419 15.8419 16.8140

5.0 5.1655 7.0806 7.9031 12.0724 14.1532 14.1532 15.1738

10.0 4.9343 6.7230 7.5447 11.5179 13.4430 13.4430 14.4757

1.0 1.0 2.6576 6.3764 6.3764 8.9707 8.9707 9.7992 11.9555

2.0 2.3727 5.6933 5.6933 7.9300 7.9300 8.7468 10.6709

5.0 2.1424 5.1419 5.1419 7.0806 7.0806 7.8970 9.6331

10.0 2.0465 4.9106 4.9106 6.7230 6.7230 7.5386 9.1945

0.2 0.5 1.0 4.4785 5.3798 7.7663 8.9034 8.9034 9.9351 11.0597

2.0 3.9605 4.7991 6.9230 7.8860 7.8860 8.8044 9.8563

5.0 3.5383 4.3296 6.2404 7.0612 7.0612 7.8891 8.8821

10.0 3.3608 4.1294 5.9475 6.7157 6.7157 7.5063 8.4611

1.0 1.0 2.4546 4.4785 4.4785 5.3734 5.3734 6.3206 7.7644

2.0 2.1916 3.9605 3.9605 4.7926 4.7926 5.5926 6.9213

5.0 1.9793 3.5383 3.5383 4.3229 4.3229 5.0002 6.2386

10.0 1.8893 3.3608 3.3608 4.1224 4.1224 4.7514 5.9454

Table 8

Natural frequency parameters for CCCC rectangular Si3N4=SUS304 FGM plates subjected to uniform temperature rise DT ¼ 300K.

h=b a=b k o1 o2 o3 o4 o5 o6 o7

0.05 0.5 1.0 11.5387 14.8354 20.8074 29.1040 29.1079 32.0641 37.1140

2.0 10.1650 13.0787 18.3834 25.7642 25.7695 28.3955 32.8795

5.0 9.0661 11.6718 16.4382 23.0751 23.0861 25.4414 29.4664

10.0 8.5436 11.0033 15.5135 21.7992 21.8220 24.0507 27.8614

1.0 1.0 3.5231 8.2404 8.2404 12.5066 15.3498 15.4874 19.2707

2.0 2.9708 7.1830 7.1830 10.9833 13.5177 13.6451 17.0079

5.0 2.5282 6.3396 6.3396 9.7655 12.0511 12.1705 15.1937

10.0 2.3247 5.9413 5.9413 9.1865 11.3525 11.4671 14.3290

0.1 0.5 1.0 10.3932 13.0762 17.5982 22.4803 22.6024 23.4556 24.7253

2.0 9.2111 11.5890 15.5999 19.9043 20.0234 20.7922 21.9073

5.0 8.2568 10.3868 13.9819 17.8183 17.9309 18.6333 19.6207

10.0 7.8170 9.8332 13.2410 16.8733 16.9943 17.6538 18.5960

1.0 1.0 4.2110 8.2429 8.2429 11.6602 13.7916 13.9366 16.6856

2.0 3.7202 7.3010 7.3010 10.3348 12.2256 12.3563 14.8112

5.0 3.3267 6.5424 6.5424 9.2647 10.9594 11.0790 13.2936

10.0 3.1398 6.1857 6.1857 8.7653 10.3727 10.4866 12.5971

0.2 0.5 1.0 7.2986 9.0576 11.1478 11.7768 13.8548 14.8097 15.0543

2.0 6.4571 8.0189 9.8922 10.4335 12.3109 13.1850 13.3496

5.0 5.7749 7.1768 8.8890 9.3471 11.0516 11.9219 11.9801

10.0 5.4780 6.8089 8.4344 8.8741 10.5014 11.3665 11.3876

1.0 1.0 3.5998 6.3100 6.3100 8.3190 8.3190 8.4858 9.6721

2.0 3.1905 5.5903 5.5903 7.3936 7.3936 7.5185 8.5707

5.0 2.8595 5.0064 5.0064 6.6503 6.6503 6.7339 7.6772

10.0 2.7084 4.7455 4.7455 6.3168 6.3168 6.3862 7.2835
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Table 9

Natural frequency parameters for CCCC rectangular Si3N4=SUS304 FGM plates subjected to linear temperature rise DT ¼ 300K.

h=b a=b k o1 o2 o3 o4 o5 o6 o7

0.05 0.5 1.0 12.4535 15.9486 22.1325 30.5466 30.6611 33.6119 38.8182

2.0 11.0699 14.1787 19.6892 27.1841 27.2905 29.9130 34.5495

5.0 9.9476 12.7439 17.7126 24.4732 24.5691 26.9308 31.1081

10.0 9.4849 12.1505 16.8910 23.3376 23.4312 25.6796 29.6610

1.0 1.0 4.4447 9.3057 9.3057 13.6919 16.5979 16.7187 20.6198

2.0 3.9120 8.2474 8.2474 12.1599 14.7531 14.8629 18.3398

5.0 3.4649 7.3791 7.3791 10.9119 13.2546 13.3564 16.4923

10.0 3.2862 7.0252 7.0252 10.3988 12.6360 12.7344 15.7263

0.1 0.5 1.0 10.7833 13.5614 18.2101 22.9658 23.3196 24.2168 25.5033

2.0 9.5908 12.0620 16.1971 20.3837 20.7212 21.5365 22.6654

5.0 8.6327 10.8560 14.5770 18.2919 18.6326 19.3795 20.3836

10.0 8.2279 10.3448 13.8868 17.4155 17.7359 18.4552 19.4027

1.0 1.0 4.4806 8.6303 8.6303 12.1387 14.3219 14.4644 17.0322

2.0 3.9858 7.6806 7.6806 10.8028 12.7439 12.8721 15.1513

5.0 3.5858 6.9152 6.9152 9.7268 11.4729 11.5900 13.6269

10.0 3.4199 6.5939 6.5939 9.2722 10.9339 11.0466 12.9907

0.2 0.5 1.0 7.5087 9.3186 11.3891 12.1099 14.2242 15.1259 15.4736

2.0 6.6602 8.2727 10.1309 10.7594 12.6762 13.4875 13.7618

5.0 5.9808 7.4349 9.1253 9.6800 11.4333 12.2146 12.4033

10.0 5.6878 7.0712 8.7025 9.2068 10.8780 11.6837 11.7989

1.0 1.0 3.7236 6.5061 6.5061 8.4882 8.4882 8.7378 9.9545

2.0 3.3109 5.7813 5.7813 7.5600 7.5600 7.7648 8.8469

5.0 2.9794 5.1988 5.1988 6.8144 6.8144 6.9834 7.9580

10.0 2.8386 4.9484 4.9484 6.5029 6.5029 6.6450 7.5710

Table 10

Natural frequency parameters for CCCC rectangular Si3N4=SUS304 FGM plates subjected to nonlinear temperature rise DT ¼ 300K.

h=b a=b k o1 o2 o3 o4 o5 o6 o7

0.05 0.5 1.0 12.4872 15.9895 22.1809 30.5986 30.7175 33.6677 38.8797

2.0 11.1064 14.2231 19.7421 27.2418 27.3525 29.9749 34.6176

5.0 9.9766 12.7789 17.7532 24.5155 24.6150 26.9758 31.1569

10.0 9.5000 12.1689 16.9128 23.3612 23.4566 25.7049 29.6887

1.0 1.0 4.4780 9.3453 9.3453 13.7358 16.6440 16.7641 20.6694

2.0 3.9471 8.2896 8.2896 12.2071 14.8029 14.9121 18.3936

5.0 3.4954 7.4142 7.4142 10.9500 13.2942 13.3953 16.5341

10.0 3.3011 7.0428 7.0428 10.4184 12.6567 12.7547 15.7485

0.1 0.5 1.0 10.7970 13.5788 18.2325 22.9807 23.3455 24.2450 25.5317

2.0 9.6065 12.0816 16.2221 20.3972 20.7512 21.5683 22.6981

5.0 8.6437 10.8693 14.5931 18.2998 18.6509 19.3985 20.4029

10.0 8.2343 10.3527 13.8965 17.4229 17.7475 18.4671 19.4151

1.0 1.0 4.4904 8.6443 8.6443 12.1559 14.3412 14.4836 17.0433

2.0 3.9965 7.6961 7.6961 10.8220 12.7653 12.8934 15.1611

5.0 3.5941 6.9264 6.9264 9.7400 11.4873 11.6043 13.6331

10.0 3.4243 6.6002 6.6002 9.2799 10.9425 11.0551 12.9958

0.2 0.5 1.0 7.5155 9.3271 11.3954 12.1195 14.2342 15.1267 15.4810

2.0 6.6691 8.2841 10.1369 10.7745 12.6930 13.4958 13.7818

5.0 5.9862 7.4408 9.1258 9.6862 11.4383 12.2128 12.4090

10.0 5.6915 7.0757 8.7064 9.2126 10.8850 11.6899 11.8070

1.0 1.0 3.7280 6.5132 6.5132 8.4932 8.4932 8.7469 9.9641

2.0 3.3159 5.7896 5.7896 7.5646 7.5646 7.7758 8.8594

5.0 2.9827 5.2037 5.2037 6.8161 6.8161 6.9890 7.9640

10.0 2.8406 4.9515 4.9515 6.5055 6.5055 6.6490 7.5755
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Fig. 2. First four frequency parameters oi versus temperature for SSSS square Si3N4=SUS304 FGM plates (h=b ¼ 0:1): (a) uniform

temperature field, k ¼ 1; (b) uniform temperature field, k ¼ 10; (c) linear temperature field, k ¼ 1; (d) linear temperature field, k ¼ 10;

(e) nonlinear temperature field, k ¼ 1; (f) nonlinear temperature field, k ¼ 10.
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is shown that the temperature rise affects the first mode more significantly than other higher modes. And the
plates of volume fraction index k ¼ 10 are more sensitive to the temperature change than those of k ¼ 1.

6. Conclusion

Three-dimensional vibration analysis of power-law FGM rectangular plates has been carried out based on
the linear, small strain three-dimensional elasticity theory via Ritz method. The simply supported and clamped
FGM plates subjected to uniform temperature field, linear temperature field and nonlinear temperature field
are considered. The accuracy of the present approach is validated by comparing the numerical results of
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Fig. 3. First four frequency parameters oi versus temperature for CCCC square Si3N4=SUS304 FGM plates ðh=b ¼ 0:1Þ: (a) uniform
temperature field, k ¼ 1; (b) uniform temperature field, k ¼ 10; (c) linear temperature field, k ¼ 1; (d) linear temperature field, k ¼ 10;

(e) nonlinear temperature field, k ¼ 1; (f) nonlinear temperature field, k ¼ 10.
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clamped plates with the results of other researchers. Parametric study for supported conditions, temperature
fields, volume fraction indices shows that:
(1)
 the temperature effects on vibrational frequencies of clamped plates are greater than those of simply
supported plates;
(2)
 the uniform temperature change affects the vibrational frequencies more significantly than the linear and
nonlinear temperature changes;
(3)
 the temperature change affects the first mode more significantly than other higher modes;

(4)
 the plates of volume fraction k ¼ 10 are more sensitive to the temperature change than those of k ¼ 1.
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Fig. 4. The natural fundamental frequency parameters o1 versus temperature for square Si3N4=SUS304 FGM plates ðh=b ¼ 0:1Þ.

Table 11

Temperature effects of frequency parameters of SSSS square Si3N4=SUS304 FGM plates ðh=b ¼ 0:1Þ.

k Temp. o1 o2 ðo3Þ o4

300K 800K Reduc. (%) 300K 800K Reduc. (%) 300K 800K Reduc. (%)

1 Uniform 2.7222 2.3850 12.39 6.5000 5.8561 9.91 9.0873 8.3872 7.70

Linear 2.7222 2.6020 4.41 6.5000 6.2782 3.41 9.0873 8.8581 2.52

Nonlinear 2.7222 2.6088 4.17 6.5000 6.2900 3.23 9.0873 8.8696 2.40

10 Uniform 2.0867 1.7654 15.39 4.9743 4.3482 12.59 6.7893 6.0424 11.00

Linear 2.0867 1.9884 4.71 4.9743 4.8020 3.46 6.7893 6.5851 3.01

Nonlinear 2.0867 1.9914 4.56 4.9743 4.8079 3.34 6.7893 6.5928 2.89

Table 12

Temperature effects of frequency parameters of CCCC square Si3N4=SUS304 FGM plates ðh=b ¼ 0:1Þ.

k Temp. o1 o2 ðo3Þ o4

300K 800K Reduc. (%) 300K 800K Reduc. (%) 300K 800K Reduc. (%)

1 Uniform 4.6728 3.7869 18.96 8.9194 7.6393 14.35 12.5069 10.9168 12.71

Linear 4.6728 4.3486 6.94 8.9194 8.4559 5.20 12.5069 11.9364 4.56

Nonlinear 4.6728 4.3664 6.56 8.9194 8.4805 4.92 12.5069 11.9662 4.32

10 Uniform 3.5732 2.6979 24.50 6.8030 5.5295 18.72 9.5250 7.9307 16.74

Linear 3.5732 3.2698 8.49 6.8030 6.3845 6.15 9.5250 9.0181 5.32

Nonlinear 3.5732 3.2785 8.25 6.8030 6.3971 5.97 9.5250 9.0340 5.15
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Appendix A. Elements of submatrices

The elements of the nominal stiffness submatrices K and mass submatrices M are listed below:

K̂11 ¼
bh

2a
K1;1

x;u1iu1 ī
K0;0

Z;u1ju1 j̄
ðÊ0;0

l;kk̄
þ 2Ê0;0

m;kk̄
Þ þ

ah

2b
K0;0

x;u1iu1 ī
K1;1

Z;u1ju1 j̄
Ê0;0

m;kk̄
þ

ab

2h
K0;0

x;u1iu1 ī
K0;0

Z;u1ju1 j̄
Ê1;1

m;kk̄
(A.1a)

K̂12 ¼
h

2
K1;0

x;u1iu2lK
0;1
Z;u1ju2mÊ0;0

l;kn þ
h

2
K0;1

x;u1iu2lK
1;0
Z;u1ju2mÊ0;0

m;kn (A.1b)

K̂13 ¼
b

2
K1;0

x;u1iu3pK0;0
Z;u1ju3qÊ0;1

l;kr þ
b

2
K0;1

x;u1iu3pK0;0
Z;u1ju3qÊ1;0

m;kr (A.1c)

K̂22 ¼
ah

2b
K0;0

x;u2lu2 l̄
K1;1

Z;u2mu2m̄ðÊ
0;0
l;nn̄ þ 2Ê0;0

m;nn̄Þ þ
ab

2h
K0;0

x;u2lu2 l̄
K0;0

Z;u2mu2m̄Ê1;1
m;nn̄ þ

bh

2a
K1;1

x;u2lu2 l̄
K0;0

Z;u2mu2m̄Ê0;0
m;nn̄ (A.1d)

K̂23 ¼
a

2
K0;0

x;u2lu3pK1;0
Z;u2mu3qÊ0;1

l;nr þ
a

2
K0;0

x;u2lu3pK0;1
Z;u2mu3qÊ1;0

m;nr (A.1e)

K̂33 ¼
ab

2h
K0;0

x;u3pu3p̄K0;0
Z;u3qu3q̄ðÊ

1;1
l;rr̄ þ 2Ê1;1

m;rr̄Þ þ
bh

2a
K1;1

x;u3pu3p̄K0;0
Z;u3qu3q̄Ê0;0

m;rr̄ þ
ah

2b
K0;0

x;u3pu3p̄K1;1
Z;u3qu3q̄Ê0;0

m;rr̄ (A.1f)

M11 ¼
abh

8
K0;0

x;u1iu1 ī
K0;0

Z;u1ju1 j̄
Mz;kk̄ (A.2a)

M22 ¼
abh

8
K0;0

x;u2lu2 l̄
K0;0

Z;u2mu2m̄Mz;nn̄ (A.2b)

M33 ¼
abh

8
K0;0

x;u3pu3p̄K0;0
Z;u3qu3q̄Mz;rr̄ (A.2c)

The additional thermal terms T33jx and T33jZ are the thermal effects imposed by the initially thermal stresses
s011 and s022, respectively, which are shown below:

T33jx ¼
bh

a2

X1
i¼1

X1
j¼1

X1
k¼1

A0
ijkK1;1;1

x;u1iu3pu3p̄K0;0;0
Z;u1ju3qu3q̄Ê0;0;0

z1;krr̄

þ
h

a

X1
l¼1

X1
m¼1

X1
n¼1

B0
lmnK0;1;1

x;u2lu3pu3p̄K1;0;0
Z;u2mu3qu3q̄Ê0;0;0

z2;nrr̄

�
bh

2a
K1;1

x;u3pu3p̄K0;0
Z;u3qu3q̄Tz;rr̄ (A.3a)

T33jZ ¼
h

b

X1
i¼1

X1
j¼1

X1
k¼1

A0
ijkK1;0;0

x;u1iu3pu3p̄K0;1;1
Z;u1ju3qu3q̄Ê0;0;0

z2;krr̄

þ
ah

b2

X1
l¼1

X1
m¼1

X1
n¼1

B0
lmnK0;0;0

x;u2lu3pu3p̄K1;1;1
Z;u2mu3qu3q̄Ê0;0;0

z1;nrr̄

�
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2b
K0;0

x;u3pu3p̄K1;1
Z;u3qu3q̄Tz;rr̄ (A.3b)

For the describable convenience, the operators Kx, KZ, El, Em, and Mz are used in above equations and
defined as

Ks1;s2;s3
x;b1j1b2j2b3j3

¼

Z 1

�1

ds1 ½f
ð1Þ
b1
ðxÞPj1

ðxÞ�

dxs1
�
ds2 ½f

ð1Þ
b2
ðxÞPj2

ðxÞ�

dxs2
�
ds3 ½f

ð1Þ
b3
ðxÞPj3

ðxÞ�

dxs3
dx (A.4a)
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Ks1;s2;s3
Z;b1j1b2j2b3j3

¼

Z 1

�1

ds1 ½f
ð2Þ
b1
ðZÞPj1

ðZÞ�
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�
ds2 ½f
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b2
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�
ds3 ½f
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x;b1j1b2j2

¼

Z 1

�1

ds1 ½f
ð1Þ
b1
ðxÞPj1

ðxÞ�

dxs1
�
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b2
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ðxÞ�

dxs2
dx (A.4c)

Ks1;s2
Z;b1j1b2j2

¼

Z 1

�1

ds1 ½f
ð2Þ
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ðZÞ�

dZs1
�
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ð2Þ
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ðZÞ�

dZs2
dZ (A.4d)

Ê
s1;s2;s3
z1;j1j2j3

¼

Z 1

�1

Eðz;TÞ
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�
ds1Pj1

ðzÞ
dzs1

�
ds2Pj2

ðzÞ
dzs2

�
ds3Pj3

ðzÞ
dzs3

dz (A.5a)

Ê
s1;s2;s3
z2;j1j2j3

¼

Z 1

�1

Eðz;TÞnðz;TÞ
1� n2ðz;TÞ

�
ds1Pj1

ðzÞ
dzs1

�
ds2Pj2

ðzÞ
dzs2

�
ds3Pj3

ðzÞ
dzs3

dz (A.5b)

Ê
s1;s2
l;j1j2

¼

Z 1

�1

lðz;TÞ �
ds1Pj1

ðzÞ
dzs1

�
ds2Pj2

ðzÞ
dzs2

dz (A.5c)

Ê
s1;s2
m;j1j2

¼

Z 1

�1

mðz;TÞ �
ds1Pj1

ðzÞ
dzs1

�
ds2Pj2

ðzÞ
dzs2

dz (A.5d)

Tz;j1j2
¼

Z 1

�1

Eðz;TÞ
1� nðz;TÞ

� aðz;TÞDTðzÞ � Pj1
ðzÞ � Pj2

ðzÞdz (A.6)

Mz;j1j2
¼

Z 1

�1

rðzÞ � Pj1
ðzÞPj2

ðzÞdz (A.7)

where

s1; s2; s3 ¼ 0; 1

b1; b2; b3 ¼ u1; u2; u3

j1;j2;j3 ¼ i; ī; j; j̄; k; k̄; l; l̄;m; m̄; n; n̄; p; p̄; q; q̄; r; r̄ (A.8)
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